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ON THE EXPANSION OF CERTAIN ANALYTIC FUNCTIONS IN 

SERIES.* 

By R. D. Carmichael. 

Introduction. Let p be a positive constant and let g{x) be a function 
of X with the asymptotic representation 

(1) ^(x)~x''-'''e^+«^(l +^ + ^^+ •••) 

valid in a sector V including in its interior the positive axis of reals and 
every point of the imaginary axis. Moreover let g{x) be analytic at 
every point x in F for which |x| is greater than a given constant 7. 
By means of this function g{x) we set up the class of series which have 
the form 

(2) S{x)=±c,^-^^^^, 

where Co, Ci, Cj, • • • are constants. These (and other more general) series 
I have already treated in several papers. f The object of this note is to 
derive certain necessary and sufficient conditions for the representation of 
functions in the form of series S{x + a) where o is a suitable constant 
depending on the function to be represented. 

1. Representation of a function of a certain class by means of a suitable 
integral along a straight line. Let f{x) be a function of x which is analytic 
at every finite point to the right of a line Li parallel to the axis of imagi- 
naries. Let L denote a line parallel to Li and to its right; and let us think 
of L as having the direction which leads from a point with negative 
imaginary part to one with positive imaginary part. On L let f(x) be 
bounded by the inequality 

(3) l/(x)|<||p, 

when |x| is greater than a sufficiently large positive constant X, where 
€ and N are given positive constants. We shall show that such a function 

* Presented to the American Mathematical Society, April, 1920. 

t These memoirs will be referred to by the numbers in the following list: I. Trans. Am. Math. 
Soc, vol. 17 (1916): 207-232. II. Bulletin Am. Math. Soc, vol. 23 (1917): 407^25. III. 
American Journal of Mathematics, vol. 39 (1917): 3So— 103. IV. American Journal of Mathe- 
matics, vol. 40 (191S): 113-126. 
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f{x) may he written in the form of the integral 

where the integral is taken along L in the direction already indicated 
and is valid for everj' point x to the right of L. For this purpose consider 
the semicircle of radius t about a point a on L as center and h'ing to the 
right of L. Let A; denote the region inclosed by the semicircle Ct and 
its diameter Dt. Let x be any point to the right of L and let t be so large 
that X is in the interior of A(. Then by the Cauchy integral formula 
we have 



^^^' ~ 2wijj>,z - a; ■*" 2wiJc,z - x' 



where the integrals are taken along Dt and Ct in a positive sense with 
reference to the inclosed area A(. 

Now let the radius t of Ct become infinite. The second integral in 
the last equation approaches zero, as one sees readily by taking the 
absolute value of the integrand and employing inequality (3). The first 
integral in the last equation approaches the integral in (4). Hence /(a:) 
can be written in the form given in (4) and the representation is valid 
for every point x to the right of L. 

2. The convergence of certain asymptotic representations with respect to 
g(x). Let /(x) be a function which is analytic at every (finite) point to 
the right of a line Li parallel to the axes of imaginaries. Denote by L a 
line to the right of Lj, and parallel to it. Let a constant a be chosen so 
that for X on L the real part R{x + a) of a; + a is greater than a non- 
negative integer r and so that g{x + a + l)lg(x + a) is analytic and 
different from zero at every finite point to the right of the line Li. Then 
for every positive integer n the function g{x + a + n);g(x + a) has the 
last-mentioned property since 

g(x + a + n) ^ g{x + a + 1) gix + a + 2) g{x -\- a + n) 

^^' g{x + a) ~ gix-\-a) ' gix + a ■\- \) " ' g{x + a + n - \)' 

Let f{x) be written in the form 

For every x on L and for every positive integer n let Rn(x) satisfy the 
inequality 

(7) ' |ie„(x)| S (n!)''e"^*''-^V''+*'J''-''>€„, 
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where e„ approaches zero with 1/n. IMoreover, for x to the right of L, 
let f{x) be such that the function f{x) — Co is bounded by the inequaUty 

!/(x) - Co! < N\x\-' 

when I X I is greater than a sufficiently large positive quantity X, where « 
and N are positive constants. Then we shall show that /(x) may he 
represented by the series 

^^^ -^^^^ =.?/* gix + a) 

and that this series converges for every x to the right of L. 

From the asymptotic character of g{x) it follows readily that 
(x + aY'gix + a + s)lg{x + a), and hence x'''gr(x + a + s)!g{x + a), ap- 
proaches a finite non-zero limit as x + o approaches infinity in V. Hence 
when X is to the right of L it is easy to see that the remainder term in (6) 
may be represented in the form of an integral in accordance with the 
result in § 1. Hence we have 

^Q^ f(^\ ^g{x + a + k) I CRr^jz) g(z + a + n + 1) 
(9) fix) = 5 c. -^(^+-) - + 2^ 1 F^ ^(7+^) ^^' 

where x is to the right of L and the integration along L is taken in the 
direction indicated in § 1 and x is to the right of L. 

In order to prove that /(x) has the converg'ent representation (7) it is 
now necessary and sufficient to show that the integral in the last equation 
approaches the value zero as n becomes infinite. But this integral is not 
greater in absolute value than the integral 



X 



Rn{z)_ ' g (z + a + n + 1) _ i , i 



3 - X : g(z + a) 

In order to find a function of n which dominates the latter integral we 
employ the asymptotic relation 

^(x) { r(x) 1 ' ~ a;''-'"e^+^' ( ^ + ^ + ' ' ' ) ' ^~*^'^~ ' ^^( ^ + ^ + ' ' ' j' 



-n-WSga+C/S-pfl 



From this we have 

g(x + n + 1) I r(x + n + 1 ) I" _ / ^ny-^'' 

where S(x, n) approaches 1 when n becomes infinite or x becomes infinite 
in V or both of these conditions are realized simultaneously. Hence 
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for z on L constants Mi and Mn exist such that 

na\ g(2 + a + n + 1) \ 
^^"^ g(z + a) I 

< Mi\(z + a)(z + a + 1) •■■ (z + a + n)\ -Pe''»s-p\„«»-b 

Employing this inequality and (7) we see that a constant M exists such 
that the last-written integral has a value less than M€„- Hence it ap- 
proaches zero with 1/n. Hence from (9) we have (8), a relation which is 
valid if X is to the right of L, as was to be proved. 

Now let Li be a line to the right of L and parallel to it. Since 
g{x + a + n)lg{x + a) is analytic and different from zero at every point 
to the right of Li, it follows that there is no exceptional point for the 
series in (8) and no limit point of such points to the right of L. Therefore, 
from theorem III of memoir III it follows that the series in (8) is uniformly 
convergent for x in the region consisting of L2 and the half-plane to its 
right (exclusive of the point infinity). 

We are thus led to the following theorem: 

Let f{x) be a function which is analytic at every (finite) point to the right 
of a line Li parallel to the axis of imaginaries and suppose that constants Co 
and e(e > 0) exist such that \x\'- \f{x) — Co| is bounded as x approaches 
infinity to the right of Li. Denote by L a line to the right of Li and parallel 
to it. Let a constant a be chosen so that for X on L R{x + a) is greater than 
a non-negative integer r and so that g{x -{- a -{- l)lg{x -\- a) is analytic and 
different from zero at every finite point to the right of Li. If f(x) is written 
in the form (6) then let Rn(x), for every x on L and for every positive integer 
n, satisfy inequality (7). Then f(x) may be represented by the series in (8) 
and this series converges for every finite x to the right of L. Moreover, it 
converges uniformly in the region consisting of a line to the right of and 
parallel to L and the half-plane to the right of such line {exclusive of the point 
infinity) . 

3. Necessary and sufficient conditions for the representation of a function 
f{x) in the form of a series S(x 4- a). Let F(x) be a function represented 
in the form of a series S(x), 

converging for some value of x which is non-exceptional for this series 
and hence in a half-plane R(x) > I, where the line R{x) = I is the boundary 
of the region of convergence. 
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From theorem I of memoir IV it follows that a constant <Si exists 
such that 

|7n?(n)| < n'\ n S2. 

Nosv we have with respect to n the asymptotic formula 

g{n) {Tin)]" ~ e"(^-'''n"-i''e""( ^2^)" ( 1 + ^ + • • • j . 
Hence a constant s exists such that 
(12) |7„+i| < (nOoe'^^-^V, nS2. 

Let us now write F(x) in the form 

, , _ V 9(^ + k) 5 g(x + n + 1) 

Then we have 

<'^' ^-w -.£>■ ,(/+!+ 1) 

provided that x is confined to a portion of the region of convergence of 
the series in (11) for which g{x + n + l)/g(x) is different from zero. If 
a; is on a line L parallel to the axis of imaginaries and sufficiently far to its 
right, we may employ relation (10) with z replaced by x, o by n + 1, 
and n by A; — n — 2, to conclude to the existence of a constant M^ 
(independent of x and n) such that 



gix+k) 



KMzlix + n + l) ■ ■ ■ (x+fc-1) |-Pe(*-'•-2)^(S-p)(^-_n-2)*<^-*'>, 



g{x + n-l) 
where k > n •{- 2. Hence we have 
g{x + k) 



7* 



g{x ■{- n -\- 1) 

<M. { (,+,_/)':'^(L+^-l) }V-)^<-)(^^-n-2)-^^V 
<ilf3e--'(n!)^e— n' { ^^^"^^0^^^ j.^,_,_2)-*.) 

<.Tf.(.!)^e— n-'^ f W+D-C^-D 1' 

^ \{x+n + \) ■ • ■ {x+n-\-k — t—l) \ 

■ k-^'ik -n-2) "'^-^"^ 

where t is a positive integer such that pt > R{ix — ^p) + 2, k > n + t + 2, 
and Mi is a suitable constant. Hence if the line L is sufficiently far to 
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the right, then for x on L we have 



gix + k) 
'^'g{x + n + 1) 



where Mi is a suitable quantity independent of x and n. 

Employing the last inequality and relations (12) and (13) we find 
that for a; on L we have 



»+(- 



\Rn{x)\ < Z [{k - 1) !]V*-"^<'-^X^- - 1)' 



gix + k) \ 
5f(x + n + 1) , 

+ Z M5(n!)''e"''^''-^V+"'p. 



Hence a quantit}^ M^, independent of x and n, exists such that for x on L 

we have _ 

iie„(x)i < iVi■6(n!)'>e"*"'-^V+'^ 

Therefore an r exists such that i?„(x) satisfies the condition imposed on 
Rn{x) in inequality (7), provided that the line L has been taken sufficiently 
far to the right. 

It may now be readily shown that for the given function F{x) lines 
Li and L exist such that Fix) has the same properties with respect to 
them and to a constant a (in this case zero) as are specified for fix) in the 
hypothesis of the theorem of § 2. Analyticity to the right of some line 
Li parallel to the axis of imaginaries follows from the last result in § 3 of 
memoir I. From theorem I of memoir III it follows that |x i*"- \Fix) — 7o| 
is bounded for x approaching infinity in a half-plane to the right of a 
suitable line Lj.. We have just demonstrated the appropriate property 
of the factor i?„(x) in the remainder term. Hence the conditions given 
in the theorem of § 2 and there found to be sufficient for the representation 
of a function fix) in the form of a series Six + a) are also properties of 
every function so represented. Thus we have necessary and sufficient 
conditions for the representation of functions in the form of series Six + a). 

Unhtrsitt of Illinois. 



